Abstract: Electrons possess both wave and particle natures. In this paper, we represent an electron on multi-stage coupled electron waveguides both by a wave function and by a probabilistic particle. We show first that time evolution of the wave function can be obtained by the combined use of the tight-binding method and two-port circuit theory. The wave function is in variable-separable form when wave propagation on the coupled electron waveguides is single mode. We present secondly that the variable separation simplifies the general Langevin equation describing behavior of the probabilistic particle. According to these two schemes, wave functions and sample particle trajectories on single and two-stage coupled electron waveguides were exemplified.
Introduction
Waveguides transporting electrons ballistically have been researched actively in recent years [1] [2] [3] [4] . One of their potential applications is to use them as couplers and splitters instead of optical counterparts in fiber-optic communication [1] . The advantage of electron wave couplers and splitters is that they can be approximately a hundred times shorter than the optical counterparts because the ratio of wavelength of electrons to that of light is in the order of 10 −2 . Electron waveguides will also be utilized in space optical communication [5] . They can be designed so that they pass photoelectrons outputted from photo detectors of the receiver in the communication system only if the kinetic energy of the photoelectrons is in a specified range. Then, the waveguides function as a front-end filter in the receiver. In these fiber and space optical communications, the passive waveguides might be used together with active quantum effect devices such as single-electron transistors [5] . Electrons possess both particle and wave natures. Electrons are represented by probabilistic particles in circuit simulator models of active quantum effect devices [6] , while electrons have been depicted by quantum waves in the research of the passive waveguides. For integrated simulation of circuits consisting of both passive electron waveguides and active quantum effect devices, electrons in waveguides should be modeled after probabilistic particles, as have been attempted in [5] .
The behavior of the probabilistic particles are described by the Langevin equation [7] . The drift term of the equation is derived from quantum waves. Then, computation of sample trajectories of the probabilistic particles requires mathematical expression approximating quantum waves. Generally, we employ the mode-matching method or the scattering matrix method [2, 4] to approximate a quantum wave by a linear combination of harmonic functions. However, it is difficult for these methods to express interference phenomenon between even and odd mode waves on coupled electron waveguides. Although the tight-binding method [8] can solve the difficulty, we encounter another problem that the method can not represent by itself the behavior of an electron on multi-stage coupled electron waveguides which function as electron wave couplers, splitters, and filters. We might surmise that numerical analyses such as the finite element method are useful for computing the wave function of the Schrödinger equation describing the multi-stage waveguides. However, we may have trouble dealing with electron waveguides with evanescent boundary fields. In addition, circuit simulator models based on numerical analyses can not be compact.
In this paper, first, we apply the tight-binding method together with two-port circuit theory to obtain approximate expression of quantum waves propagating on muti-stage coupled electron waveguides. Once a mathematical expression of the waves is obtained, the drift term is determined. Secondly, we explore relation between propagation mode of the quantum waves and the expression of the waves in order to simplify the drift term. The subsequent Sections 2 and 3 present the approximation and the simplification and Section 4 provides their numerical examples.
Wave functions propagating on coupled electron waveguides
Let the potential of coupled electron waveguides be given by V (x, y, t). The wave nature of an electron on the waveguides is governed by the following Schrödinger equation,
where
The Planck constant), and m e is the mass of electron. The operator H is referred to as Hamiltonian.
One-dimensional double-well system
Single-stage coupled waveguides have a uniformly distributed potential in y-direction. Therefore, we consider first a one-dimensional quantum system,
Figure 1(a) shows a time-independent single-well potential. It is expressed as
Let Hamiltonian H 1 in Eq. (2) of which potential term V (x, t) is substituted by V s (x) be denoted by H s . The time-independent n-th normalized eigenfunction φ s,n (x),
and the eigenenergy E s,n ,
of H s are analytically obtained [9] . We consider now a system with a double-well potential shown in Fig. 1(b) and given by
Let the Hamiltonian operator of the double-well system, that is H 1 of which potential term V (x, t) is substituted by V w (x), be denoted by H w . We let the time-independent n-th eigenfunction and the n-th eigenenergy of H w be denoted respectively by φ w,n (x), and E w,n . Then, the time-independent Schrödinger equation describing the double-well system in a pure state is expressed as
We attempt to compute E w,n and φ w,n (x) according to a scheme similar to the tight-binding method [8] in the following way: We introduce wave functions given by
and suppose that eigenfunction φ w,n (x) is given by a linear combination of φ
Multiplying Eq. (7) by φ L s,n (x) and φ R s,n (x) and integrating the multiplied equations with respect to x, we obtain the Schrödinger equation in the following matrix form:
where and δ are
and we used the following approximation:
We let two eigenenergies E w,n of Eq. (10) be given in the following form:
Integrations (11) giving and δ are small compared to E s,n and 1.0 respectively because of small overlap between φ L s,n (x) and φ R s,n (x). Therefore, we may neglect the second-order terms of and δ, that is, δ 2 and δ, in computing the eigenenergies of Eq. (10) . Then, we obtain the eigenenergies as follows:
Computing the unit eigenvectors of Eq. (10) as
and using the eigenenergies E e/o w,n , we represent the time-dependent eigenfunctions φ w,n (
In Eqs. (13), (14), (17), and (18), indices e, o mean even and odd parities. It should be noted that φ e/o w,n are not normalized since δ = 0.
In the subsequent subsections, we will introduce electric network representation to describe coupled electron waveguides, for which we prepare localized wave propagation on coupled waveguides. Wave functions φ L/R w,n (x, t) localized in the left and right wells initially,
are given by
By substituting Eqs. (13) and (14) into Eqs. (17) and (18) and applying Euler's formula to an obtained term exp(−i(E
w,n /h)t), the above equations are transformed into the following equations:
From Eqs. (22) and (23), we see that φ L/R w,n (x, t) move between the two wells periodically for t > 0. The periodic motion is caused as a result of the interference between the even and odd mode waves φ e/o w,n (x, t). It is difficult for other techniques such as the mode-matching method to approximate the periodically moving wave functions intentionally.
Single-stage coupled electron waveguides
We consider a wave function on single-stage coupled electron waveguides. A wave function with a plane wave component in y-direction is given in the following form:
The y-directional momentum of plane wave φ m (y, t) with wave number k m is given byhk m . Then, its y-directional propagation speed and time from y = 0 to L 12 are given by 
We denote forward and backward wave coefficients at y = 0 and L 12 on the waveguides as Fig. 2 (a) shows, that is, c
where indices F and B respectively correspond to "+" and "−" in the second equation. From Eqs. (22), (23), (25), and (26), we obtain
Multi-stage coupled electron waveguides
Suppose that coupled waveguides are terminated as shown in Fig. 2 (b). The reflection coefficient at the two ends terminated with potential walls is given by
Then, we have c
Let the incident and reflected wave coefficients at the ports of a single-stage coupled electron waveguides be denoted as shown in Fig. 2(b) , that is,
and two 2 × 2 matrices be defined by
Then, two-port expression of the waveguides in Fig. 2 
where E is a unit matrix. Matrix S I 12 is referred to as a scattering matrix. For a coupled waveguides terminated as shown in Fig. 2(c) ,
and
are given similarly to Eqs. (30) and (31). Then, the waveguides in Fig. 2 
Coupler and splitter
Single-stage coupled electron waveguides function as couplers and splitters. Two-stage coupler/splitter shown in Fig. 3 (a) increases its selectivity of kinetic energy or momentum of inputted electron waves. The coupled waveguides in Fig. 3 (a) function as a splitter when an electron wave passes through routes a 1 → b 2 → b 3 or b 4 . Its transfer characteristics are given by ), we obtain wave functions at any point in the two-stage waveguides in Fig. 3(a) and at any instant. 
Filters
Then, two-port expression of the multi-stage waveguides in Fig. 3(b) , (c) is
From Eqs. (24), (30), (33), (34), (36), (39), and (40), we obtain wave functions at any point in the multi-stage waveguides in Fig. 3(b) , (c) and at any instant.
Stochastic quantization
In this section, we will apply the quantum potential theory [10] and the stochastic quantization [7] to the coupled electron waveguides.
Bohm and Nelson's particle models

Bohm's quantum potential theory
We express wave functions of the Schrödinger equation (1) as
The square of the amplitude, R(x, y, t) 2 , is interpreted as the density distribution of probability that a quantum particle (an electron) exists at (x, y) at time t. Phase S(x, y, t) is considered to correspond to action, so that x and y-directional momenta of a quantum particle are
The real and the imaginary parts of Eq. (1) in which wave function is substituted by Eq. (41) are regarded respectively as the Hamilton-Jacobi equation, and the equation of continuity in terms of probability density,
∂S(x, y, t) ∂t
The quantum potential theory [10] states as follows: The Hamilton-Jacobi equation (43) represents a classical energy-conservative system with a potential given by the sum of classical potential V and a term Q referred to as the quantum potential. A quantum particle is modeled after a classical particle which is governed by Eq. (43) and moves along the current of probability density, J (x, y, t).
Probabilistic classical particles
The stochastic quantization in the subsequent subsection represents quantum particles by probabilistic classical particles. Here, we consider the average motion of the classical particles.
We describe motion of a probabilistic classical particle by the following stochastic differential equation of position (x(t), y(t)):
The first term b of Eq. (45) is a drift term which is equal to the following average velocity of the classical particle,
b(x, y, t) = D (x(t), y(t)) ≡ lim
where averaging operation < > is to take ensemble average with (x(t ), y(t )) fixed for t such that t ≤ t. Note that the velocity is given by forward differential of the position. The elements of the second term of Eq. (45) are white Gaussian fluctuations satisfying the following correlation properties:
Equation (45) takes the same form as the Langevin equations. However, the Langevin equation is an equation of motion with respect to forces acting on a classical particle and the variable of the equation is not the position but the velocity of the particle. In order to distinguish Eq. (45) from the Langevin equations, we refer to Eq. (45) as a general Langevin equation [11] . The time-evolution of probability density distribution ρ(x, y, t) that the particle follows is governed by the following Fokker-Planck equation:
The backward adjoint equation for Eq. (48) is described by
In Eq. (49), drift term b is equal to velocity given by the following average backward derivative:
where the average is taken on the condition that (x(t ), y(t )) is fixed for t such that t ≥ t. Here, we consider an energy-conservative potential system which contains the probabilistic classical particle in a potential field V (x, y, t). The equation of average motion for the particle can be described by
We define average acceleration α(x, y, t) in Eq. (51) as follows using average forward and backward derivations D and D in Eqs. (46) and (50):
We obtain also the following equation of continuity in terms of probability density distribution ρ(x, y, t) by subtracting Eq. (49) from Eq. (48):
Nelson's stochastic quantization
Let diffusion coefficient ν in Eqs. (45), (48), and (49) be given by
We consider that the probability density distributions of quantum and classical particles are equal, that is,
Equations (43) and (44) 
can be expressed with u(x, y, t) and v(x, y, t) given below instead of R(x, y, t) and S(x, y, t).
Equations (52) and (53) can be expressed with u(x, y, t) and v(x, y, t) by substituting
in the equations. Then, we realize that Eqs. (43) and (51) 
The stochastic quantization [7] claims as follows: First, the general Langevin equation (60) and the Fokker-Planck equation (61) are determined concretely from the wave function which is the solution ψ(x, y, t) of the Schrödinger equation (1), the Planck constanth, and the mass m e of a quantum particle. The drift term in the equation consists of two velocity components, v(x, y, t) and u(x, y, t), as Eq. (58) shows. One of the components, v(x, y, t) given by Eq. (56), is the velocity of probability density current J (x,y,t) given by Eq. (44) and the component makes the classical particle model of the quantum particle move along the current. As mentioned in 3.1.1 and 3.1.2 in this subsection, the quantum system and its classical probabilistic model are energy-conservative systems. Therefore, the drift term contains no dissipation term. Second, the determined Fokker-Planck equation (61) and the Schrödinger equation (1) are equivalent in the sense that the two probability density distributions ρ(x, y, t) and ψ(x, y, t)ψ * (x, y, t) are equal. Another drift component u(x, y, t) given by Eq. (57) is the logarithmic gradient of distribution ρ(x, y, t) = ψ(x, y, t)ψ * (x, y, t). The component forces the classical particle model to move toward the top of the distribution while the fluctuation term in Eq. (60) disperses the particle from the top. Finally, the determined general Langevin equation (60) provides sample trajectories of the probabilistic classical particle model following stochastically the distribution ρ(x, y, t) = ψ(x, y, t)ψ * (x, y, t).
Ensemble dataset as a result of measuring physically positions of real quantum particles follows the distribution. However, the measurement affects the motion of the real quantum particle. Therefore, physical observation of a continuous trajectory of a real quantum particle is impossible although a continuous trajectory of a classical particle model is numerically obtained by integrating Eq. (60).
Drift terms in the general langevin equation
We express wave function ψ(x, y, t) on coupled electron waveguides as the sum of wave functions ψ n,m (x, y, t) given by Eq. (24),
We consider a case that wave propagation on the coupled waveguide is in single mode in x-direction, that is, ψ(x, y, t) consists of only one eigenfunction φ n 0 (x, t) in terms of x, or n ∈ {n 0 } in Eq. (62). Then, ψ(x, y, t) can be expressed in variable-separable form as
When ψ(x, t) is the ground state of the double-well system presented in 2.1, the single-mode propagation is considered to be stable. From Eq. (41), we have log R(x, y, t) = (log ψ(x, y, t) 
), S(x, y, t) =h (log ψ(x, y, t))
where (z) and (z) are the real and the imaginary parts of complex value z. From Eqs. (56), (57), (63), and (64), we obtain
The above equations assert that x and y-directional components of the drift term in Eq. (60) of general Langevin equation type are independent of y and x-coordinates of the partice position, respectively. Consequently, computing sample trajectories by integrating (60) can be simplified.
Numerical experiments
In this section, we will compute wave functions and sample trajectories of electrons on single and twostage coupled electron waveguides according to the approximation in Sect. 
In x-direction, the initial distribution is in the same form of the ground state of the one-dimensional double-well system, which is given by Eq. (19). In y-direction, the initial distribution is a Gaussian distribution with center position y 0 = 0.25 and variance σ 
We set up a general Langevin equation. Drift components u(x(t), y(t), t) and v(x(t), y(t), t)
given by Eqs. (65) and (66) were obtained from the determined wave function ψ(x, y, t). Trajectory (x(t), y(t)) of the classical particle model is computed by integrating the equation, that is, by the following iteration:
where Δt is the time step, so that average deviation of the fluctuation elements in Eq. (68) is (h/2m e )Δt = Δt/2. The time step is set to Δt = 0.01. Finite-length trajectories on the lower rows of (a)-(d) in Figure 6 shows the probability distribution of the x-coordinate of the points (x, (y =)2.5) on 500 sample trajectories together with a probability density distribution p d (x) given by 
for comparison. We see that the two distribution curves almost overlap each other.
Example 2: two-stage coupled electron waveguides Two-stage coupled electron waveguides are shown in Fig. 7 . They have the same structure as the coupler/splitter presented in Fig. 3(a) . Fig. 8 show the wave functions in the form of probability density distribution ψ(x, y, t)ψ * (x, y, t) at time t = 0.50 and 0.70 when the y-directional initial momenta are set differently tohk y0 = 15.0 and 10.0, respectively. We see that the probability densities are high at the left and the right terminals at y = y 3 when the initial momenta are large and small, respectively. According to Section 3, we set up two general Langevin equations (60) of which each drift term is obtained from different one of the two wave functions ψ(x, y, t) presented in Fig. 8 Fig. 9 were obtained respectively by integrating the equations determined from the left Fig. 9 is one of the samples that distribute as shown in Fig. 8 . No end point exists in the area where probability density ψ(x, y, t)ψ * (x, y, t) is not zero since the number of the sample trajectories is small. In the right figure of Fig. 9 , we find a trajectory reflected at the terminal of the left waveguide. It is a sample of reflected wave components which distribute in the first stage of the coupled waveguides, as we see in Fig. 8 . Compared to the electron motion computed in Example 1, average y-directional velocity of the electron in Example 2 is higher because its initial momentum is larger. In addition, we see that the electron in Example 2 is shorter in time period of staying in one waveguide, which is due to the following reason: The x-directional wave function ψ(x, t) in the narrower waveguide takes larger even and odd mode eigenenergies E e w,1 , E o w,1 and larger gap E (1) w,1 between the two eigenenergies. Then, as Eqs. (22) and (23) imply, the envelop of ψ(x, t) oscillates at higher frequency. Figures 8 and 9 indicate that the two-stage coupled waveguides separate electrons according to their initial momentahk y0 , which implies that the coupled waveguides function as a splitter. Figure 10 shows probabilities that the electron attains the left and right terminals at y = y 3 as a function of y-directional initial momentumhk y0 . These probability curves were the results of integrating the obtained wave function over y > y 3 after sufficient time passed. The almost the same probability curves were obtained by numerically solving the Schrödinger equation by the finite difference method.
Conclusions
In this paper, we represented an electron in multi-stage coupled electron waveguides both by a wave function and by a probabilistic particle. We have shown first that the time evolution of the wave function can be obtained by the combined use of the tight-binding method in 2.1 and two-port circuit theory in 2.2 and 2.3. The wave function can be in variable-separable form when wave propagation on the coupled electron waveguides is in single mode. We have presented secondly that the variable separation simplifies the Langevin equation describing behavior of the probabilistic particle, as in 3.2. According to these two schemes, wave functions and sample particle trajectories on single and two-stage coupled electron waveguides were exemplified.
One of our future works is to apply the presented methods to performance estimation of physical mesoscopic devices.
